








Zh frqvlghu phfkdqlvpv wkdw pd{lpl}h sod|huv* h{shfwhg xwlolw|1
D phfkdqlvp lv d jdph/ lq zklfk rqh lqglylvleoh remhfw lv doorfdwhg wr
rqh rxw ri d jurxs ri vhyhudo sod|huv1 Ehiruh wkh phfkdqlvp lv sod|hg/
hdfk sod|hu uhfhlyhv d sulydwh vljqdo iru khu ydoxh ri wkh remhfw1 D
phfkdqlvp zklfk dvvljqv wkh remhfw e| phdqv ri d orwwhu| wr rqh ri
wkh sod|huv zlwk wkh kljkhvw h{shfwhg ydoxh iru wkh remhfw lv vkrzq
wr eh rswlpdo1 H{dpsohv iurp wkh frqwhvw olwhudwxuh duh xvhg wr lo0
oxvwudwh wkh prgho dqg wkh pdlq uhvxow1 Sudfwlfdo dssolfdwlrqv ri rxu
qglqj duh vxjjhvwhg zlwk uhvshfw wr dgyhuwlvlqj/ oree|lqj/ srolwlfdo
fdpsdljqv/ dqg dxfwlrqv1
Nh|zrugv= Phfkdqlvp ghvljq> Frqwhvwv> Dgyhuwlvlqj> Oree|lqj>
Srolwlfdo fdpsdljqv> Dxfwlrqv1
MHO fodvvlfdwlrq= F:5> G77> G:5> P6:
4 Lqwurgxfwlrq
Frqvlghu wkh sureohp ri d vrfldo sodqqhu/ zkr zlvkhv wr doorfdwh dq lqglylvleoh
remhfw wr rqh rxw ri d jurxs ri sod|huv/ dqg zkr lv rqo| lqfrpsohwho| lqiruphg
Wkdqnv wr Hulf ydq Gdpph/ Ndl Nrqudg dqg Slhwhu Ux|v iru ydoxdeoh frpphqwv1
Ilqdqfldo vxssruw ri wkh Qhwkhuodqgv Rujdql}dwlrq ri Vflhqwlf Uhvhdufk +QZR, HVU0
judqw 843 343 834 lv judwhixoo| dfnqrzohgjhg1
|FSE Qhwkhuodqgv Exuhdx iru Hfrqrplf Srolf| Dqdo|vlv/ S1R1 Er{ ;3843/ 583; JP Ghq
Kddj/ Wkh Qhwkhuodqgv/ .640:3066;09449/ id{ .640:3066;06683/ D1P1RqghuvwdoCfse1qo/
kwws=22zzz1fse1qo2hqj2jhqhudo2ruj2krphsdjhv2dpr21 Wkh pdlq sduw ri wklv zrun zdv
frqgxfwhg zkloh wkh dxwkru zdv d!oldwhg zlwk FhqwHU/ Wloexuj Xqlyhuvlw|1
4derxw wkh ydoxh ri wkh remhfw iru wkh sod|huv1 Wkh vrfldo sodqqhu dlpv dw
qglqj d vrfldoo| rswlpdo phfkdqlvp/ l1h1/ d phfkdqlvp zklfk pd{lpl}hv
vrfldo zhoiduh dprqj wkh sod|huv1
W|slfdo h{dpsohv ri d phfkdqlvpv lq zklfk sod|huv frpshwh iru dq lqgl0
ylvleoh remhfw duh frqwhvwv1 D frqwhvw lv d vlwxdwlrq lq zklfk sod|huv frpshwh
zlwk rqh dqrwkhu e| h{shqglqj luuhyhuvleoh hruw wr zlq d sul}h +Edln/ 4<<;,1
H{dpsohv ri hfrqrplf vlwxdwlrqv wkdw duh prghoohg dv frqwhvwv lqfoxgh sr0
olwlfdo oree|lqj/ ehdxw| frqwhvwv/ surfxuhphqw/ U)G udfhv/ mre dssolfdwlrqv/
dgyhuwlvlqj/ dqg txhxhv iru wlfnhwv1 Wkhvh vlwxdwlrqv duh xvxdoo| prghoohg dv
wkh doo0sd| dxfwlrq ru wkh zdu ri dwwulwlrq/ dqg lq vrph fdvhv dv wkh uvw0sulfh
vhdohg0elg dxfwlrq1 Dovr dq dxfwlrq/ lq zklfk elgghuv h{sdqg prqh| lq rughu
wr rewdlq dq lqglylvleoh remhfw/ fdq eh vhhq dv d vshfldo h{dpsoh ri d frqwhvw1
Lq wklv sdshu/ zh zloo looxvwudwh rxu prgho dqg rxu pdlq uhvxow lq wkh frqwh{w
ri frqwhvwv1
Zh frqvlghu d prgho zlwk lqfrpsohwh lqirupdwlrq1 Ehiruh wkh phfkd0
qlvp lv sod|hg/ hdfk sod|hu uhfhlyhv d sulydwh vljqdo iru wkh ydoxh ri wkh re0
mhfw1 Wkhvh vljqdov duh lqghshqghqwo| gudzq iurp lglrv|qfudwlf glvwulexwlrq
ixqfwlrqv +l1h1/ wkh glvwulexwlrq ixqfwlrqv pd| glhu iurp rqh sod|hu wr wkh
rwkhu,/ zklfk duh dvvxphg wr eh frpprqo| nqrzq +l1h1/ e| doo sod|huv dqg wkh
vrfldo sodqqhu,1 Zh zloo pdnh vhyhudo sodxvleoh dvvxpswlrqv rq wkh vprrwk0
qhvv dqg vkdsh ri wkh glvwulexwlrq ixqfwlrqv1 Zh dvvxph wkdw wkh sod|huv
duh h{shfwhg xwlolw| pd{lpl}huv/ dqg lqwhudfw lq d phfkdqlvp dffruglqj wr d
Ed|hvldq Qdvk htxloleulxp1
Zh dvvxph wkdw wkh vrfldo sodqqhu dlpv dw qglqj d vrfldoo| rswlpdo
phfkdqlvp/ l1h1/ d ihdvleoh phfkdqlvp wkdw pd{lpl}hv vrfldo zhoiduh dprqj
5wkh sod|huv1 Wkh vrfldo sodqqhu lv dzduh ri wkh vwrfkdvwlf vwuxfwxuh ri wkh
sod|huv* ydoxhv exw kh grhv qrw nqrz wkh lqglylgxdo ydoxhv iru wkh sod|huv1
Vrfldo zhoiduh dprqj wkh sod|huv lv ghqhg dv wkh h{ dqwh h{shfwhg vxp
ri wkh sod|huv* xwlolwlhv1 Wkhuhiruh/ d vrfldoo| rswlpdo phfkdqlvp lv dq h{
dqwh lqfhqwlyh h!flhqw ghflvlrq uxoh lq wkh vhqvh ri Kropvwuùp dqg P|huvrq
+4<;6,1
Zh zloo vkrz wkdw wkh vrfldo sodqqhu pd{lpl}hv vrfldo zhoiduh zkhq kh
dvvljqv wkh remhfw wr rqh ri wkh sod|huv zlwk wkh kljkhvw h{shfwhg ydoxh
iru wkh remhfw xvlqj d orwwhu|1 Lqvwhdg ri fdofxodwlqj vrfldo zhoiduh xvlqj
htxloleulxp elgglqj/ zh zloo xvh dq lqgluhfw dssurdfk wr suryh wklv uhvxow/
edvhg rq wkh Uhyhodwlrq Sulqflsoh +P|huvrq/ 4<;4,1 Rxu qglqj lpsolhv wkdw
wkh vrfldo sodqqhu rswlpdoo| edvhv klv ghflvlrq rq wkh doorfdwlrq ri wkh remhfw
vroho| rq klv olplwhg lqirupdwlrq rq wkh sod|huv* ydoxhv ri wkh remhfw/ dqg qrw
rq lqirupdwlrq uhyhdohg e| wkh sod|huv kdylqj wkh rssruwxqlw| wr vhsdudwh
wkhpvhoyhv fkrrvlqj dfwlrqv wkdw duh frqwlqjhqw rq wkh uhdol}dwlrq ri wkhlu
ydoxh1 Wr sxw lw glhuhqwo|/ sod|huv rswlpdoo| djuhh dprqj wkhpvhoyhv qrw wr
vshqg hruwv lq d frqwhvw1 D vlplodu uhvxow/ ghulyhg lq d frpsohwh lqirupdwlrq
vhwwlqj/ lv irxqg e| Kxfn/ hw do1 +5333,/ zkr vkrz wkdw frooxvlrq dprqj
sod|huv lv surwdeoh zkhq wkh glvfulplqdwru| srzhu ri d frqwhvw lv vx!flhqwo|
kljk1
Rxu uhvxow kdv vhyhudo lqwhuhvwlqj uhdo0olih lqwhusuhwdwlrqv1 Iru lqvwdqfh/ lw
lpsolhv wkdw upv rswlpdoo| djuhh dprqj wkhpvhoyhv qrw wrr vshqg prqh| lq
dgyhuwlvlqj1 Vfkpdohqvhh +4<:9, dujxhv wkdw lq pdunhwv zlwk d ihz vhoohuv
dqg glhuhqwldwhg surgxfwv/ frpshwlwlrq dprqj upv pdlqo| wdnhv sodfh
6wkurxjk surprwlrqdo h{shqglwxuhv udwkhu wkdq wkurxjk sulfhv14 D w|slfdo
h{dpsoh ri vxfk d pdunhw lv wkh pdunhw iru fduv1 Wkh upv fdq eh vhhq dv
ehlqj hqjdjhg lq d frqwhvw/ lq zklfk hruwv +lq wkh irup ri wy0frpphufldov/
pdlolqjv/ jodprurxv vkrs rxwohwv/ hwf1, duh vshqg lq rughu wr zlq +d vkduh
ri, wkh remhfw lq wkh irup ri +sduw ri, wrwdo pdunhw surwv1 Lq wklv oljkw/
lw lv vxusulvlqj wr revhuyh wkdw lq wkh sdvw/ wkh wredffr lqgxvwu| oreelhg
djdlqvw wkh surklelwlrq ri dgyhuwlvlqj fljduhwwhv1 D ohjdo surklelwlrq zrxog
kdyh lpsolhg wkdw wredffr upv zhuh ehwwhu r/ dv wkh| zrxog qrw orvh vr
pxfk prqh| lq dgyhuwlvlqj1
Dqrwkhu lqwhusuhwdwlrq ri rxu uhvxow lv wkdw oreelhv rswlpdoo| djuhh dprqj
wkhpvhoyhv qrw wr vshqg prqh| lq oree|lqj1 Ed|h hw do1 +4<<6, revhuyh
wkdw wkh mxvwlfh v|vwhp lq wkh Zhvwhuq Zruog suhfoxghv jryhuqphqwv wr vhoo
srolwlfdo idyruv e| h!flhqw phfkdqlvpv olnh dxfwlrqv/ vr wkdw jryhuqphqwv
duh irufhg wr pdnh xvh ri wkh zdvwhixo lqvwlwxwlrq ri oree|lqj wr dftxluh
lqirupdwlrq iurp lqwhuhvw jurxsv1 Wkh| dujxh wkdw d oree| jdph kdv wkh
vdph vwuxfwxuh dv wkh doo0sd| dxfwlrq1 Rxu uhvxow lpsolhv wkdw sod|huv ri dq
doo0sd| dxfwlrq rswlpdoo| djuhh wr frooxgh lq vxfk d zd| wkdw wkh sod|hu zlwk
wkh kljkhvw h{ dqwh ydoxh zlqv wkh remhfw1
Dqdorjrxvo|/ srolwlfdo sduwlhv rswlpdoo| djuhh dprqj wkhpvhoyhv qrw wr
vshqg dq| hruw lq srolwlfdo fdpsdljqv/ dqg olplw wkh yrwhuv* fkrlfh wr wkh
vhw frqvlvwlqj ri wkh vwurqjhvw sduwlhv1 Hvshfldoo| lq wkh XV/ suhvlghqwldo
fdqglgdwhv vshqg kxjh dprxqwv ri prqh| lq wkhlu srolwlfdo fdpsdljqv +zklfk
lv vshqw rq wy0dgyhuwlvlqj/ wrxuv durxqg wkh frxqwu|/ idqf| lqwhuqhw vlwhv/
hwf1,1 Wkhuhiruh/ d srolwlfdo fdpsdljq fdq eh vhhq dv d frqwhvw/ vr wkdw
4Vhh dovr Kxfn hw do1 +5333,1
7rxu qglqj lpsolhv wkdw frooxglqj sduwlhv djuhh wr vshqg qr prqh| lq wkhlu
fdpsdljq/ dqg olplw wkh fkrlfh vhw ri wkh yrwhuv1
Ilqdoo|/ rxu uhvxow vkrzv wkdw frooxglqj elgghuv lq dxfwlrqv rswlpdoo|
djuhh dprqj wkhpvhoyhv wr ohw rqo| wkh vwurqjhvw elgghuv sduwlflsdwh lq wkh
dxfwlrq/ lq zklfk wkh| vxeplw d elg ri }hur/ vr wkdw wkh zlqqhu ri wkh remhfw
lv fkrvhq dw udqgrp1 PfDihh dqg PfPloodq +4<<5, douhdg| vkrz wklv iru
wkh fdvh ri v|pphwulf elgghuv lq d vwxg| rq zhdn fduwhov lq wkh uvw0sulfh
vhdohg0elg dxfwlrq1
Doo wkhvh lqwhusuhwdwlrqv uho| rq wkh dvvxpswlrq wkdw frooxglqj sod|huv
duh deoh wr h{foxgh hqwudqwv iurp wkh frqwhvw1 Zh zloo qrw glvfxvv wklv
dvvxpswlrq lv ixuwkhu ghwdlo/ dqg ohdyh lw dv lw lv1 Lq rxu Frqfoxvlrq/ zh
zloo irfxv rq wzr h{dpsohv lq zklfk d vrfldo sodqqhu fdq uhvwulfw wkh vhw ri
sduwlflsdqwv lq wkh frqwhvw1
Vhyhudo sdshuv lq wkh hfrqrplf olwhudwxuh duh uhodwhg wr rxuv1 Vrph ri
wkhvh sdshuv irfxv rq htxloleulxp ehkdylru lq vshflf phfkdqlvpv1 Iru lq0
vwdqfh/ Ed|h hw do1 +4<<9, ghulyh htxloleulxp elgglqj lq wkh doo0sd| dxfwlrq
zlwk frpsohwh lqirupdwlrq1 Dpdqq dqg Ohlqljhu +4<<9,/ dqg Nulvkqd dqg
Prujdq +4<<:, ghulyh htxloleulxp elgglqj lq wkh doo0sd| dxfwlrq zlwk lqfrp0
sohwh lqirupdwlrq lq prghov zlwk dv|pphwulf ydoxh glvwulexwlrqv dqg d!o0
ldwhg ydoxhv uhvshfwlyho|1 Htxloleuld ri wkh zdu ri dwwulwlrq duh ghulyhg e|
Nulvkqd dqg Prujdq +4<<:,/ dqg Exorz dqg Nohpshuhu +4<<<, iru prghov
zlwk lqfrpsohwh lqirupdwlrq1 Htxloleulxp elgglqj lq dxfwlrqv lv h{whqvlyho|
vwxglhg lq wkh dxfwlrq olwhudwxuh/ vhh h1j1/ Ylfnuh| +4<94,/ dqg Plojurp dqg
Zhehu +4<;5,1
Rwkhu sdshuv lq wkh hfrqrplf olwhudwxuh frqfhqwudwh rq phfkdqlvp gh0
8vljq1 Xvxdoo|/ wkh phfkdqlvp ghvljqhu lv dvvxphg wr pd{lpl}h wrwdo elgv ru
wrwdo hruwv e| wkh sod|huv/ klv lqvwuxphqwv ehlqj uhvhuyh sulfhv/ h{foxvlrq
ri sod|huv/ fdsv/ wkh phfkdqlvp irupdw/ hwf1 Doo vwdqgdug dxfwlrqv zlwk wkh
uljkw uhvhuyh sulfh pd{lpl}h h{shfwhg uhyhqxh iru wkh vhoohu ri dq lqglylvleoh
remhfw lq wkh fdvh ri v|pphwulf ulvn qhxwudo elgghuv +P|huvrq/ 4<;4> Uloh|
dqg Vdpxhovrq/ 4<;4,1 Ed|h hw do1 +4<<9, vkrz wkdw h{shfwhg wrwdo elgv
pd| lqfuhdvh zkhq d vxevhw ri sod|huv lv h{foxghg iurp sduwlflsdwlrq lq wkh
doo0sd| dxfwlrq lq d frpsohwh lqirupdwlrq prgho1 Fkh dqg Jdoh +4<<;, vkrz
wkdw d fds pd| ohdg wr kljkhu wrwdo elgv lq wkh doo0sd| dxfwlrq1 Pdwhmnd hw
do1 +5335,/ dqg Jdylrxv hw do1 +5334, dujxh wkdw wklv uhvxow lv dq h{ srvw
uhvxow/ dqg vkrz wkdw h{ dqwh +l1h1/ ehiruh wkh vrfldo sodqqhu nqrzv wkh ydo0
xhv,/ d wljkwhu fds ohdgv wr orzhu elgv1 Wkh doo0sd| dxfwlrq pd{lpl}hv wkh
h{shfwhg uhyhqxh iru wkh vhoohu ri dq lqglylvleoh remhfw li elgghuv duh ulvn
dyhuvh +Pdwwkhzv/ 4<;6,/ ru exgjhw frqvwudlqhg +Odrqw dqg Urehuw/ 4<<9,1
Vrphwlphv/ olnh lq rxu prgho/ wkh phfkdqlvp ghvljqhu kdv rwkhu dlpv wkdq
hruw pd{lpl}dwlrq1 Iru lqvwdqfh/ Ydq Gdpph +4<<5, frqvlghuv idlu dqg hi0
flhqw phfkdqlvpv lq d prgho zlwk lqfrpsohwh lqirupdwlrq1 Kh vkrzv wkdw
vrph fodvvlfdo glylvlrq phwkrgv/ zklfk wxuq rxw wr eh idlu lq frpsohwh lqiru0
pdwlrq vhwwlqjv/ duh qrw idlu dq|pruh lq wkh fdvh ri lqfrpsohwh lqirupdwlrq/
dqg frqvwuxfwv phfkdqlvpv wkdw gr jxdudqwhh idlu dqg h!flhqw rxwfrphv1
Pdvnlq +5333, ghulyhv phfkdqlvpv wkdw duh frqvwudlqhg h!flhqw lq wkh fdvh
ri exgjhw frqvwudlqhg elgghuv1
95 Wkh prgho
Frqvlghu d vlwxdwlrq lq zklfk rqh lqglylvleoh remhfw kdv wr eh doorfdwhg wr
rqh sod|hu rxw ri d jurxs ri ?/ qxpehuhg c2cc?1 Zh dvvxph wkdw wkhuh lv
d vrfldo sodqqhu zkr dlpv dw qglqj d phfkdqlvp iru doorfdwlqj wkh remhfw/
vxfk wkdw vrfldo zhoiduh dprqj wkh sod|huv lv pd{lpl}hg1 Zh ohw  uhsuhvhqw
wkh vhw ri sod|huv/ vr wkdw
  icc?j1
Hdfk sod|hu  uhfhlyhv d rqh0glphqvlrqdo sulydwh vljqdo  derxw wkh ydoxh
ri wkh remhfw1 Iru hdfk /  lv gudzq/ lqghshqghqwo| iurp doo wkh rwkhu sulydwh
vljqdov/ iurp d glvwulexwlrq ixqfwlrq 81 8 kdv vxssruw rq wkh lqwhuydo dc 7 o/
dqg frqwlqxrxv ghqvlw| s zlwk sE : f/ iru hyhu|  5 dc7 o1 Ghqh wkh
vhwv
T  dc7 o    d?c7 ?o/
dqg
T3  'dc7 o/











wkh mrlqw ghqvlw| ri 31 Ohw .T 4@  eh wkh kljkhvw h{shfwhg ydoxh/ l1h1/
.T
4@   4@ 
M
.ij1
:Zh pdnh wkh dvvxpswlrq wkdw iru hdfk sod|hu /
38
s lv d vwulfwo| ghfuhdvlqj
ixqfwlrq1 Vhyhudo frpprq glvwulexwlrqv/ lqfoxglqj wkh xqlirup glvwulexwlrq/
vdwlvi| wklv frqglwlrq1
Wkh vrfldo sodqqhu*v sureohp lv wr vhohfw d phfkdqlvp wr pd{lpl}h vrfldo
zhoiduh dprqj wkh sod|huv1 D phfkdqlvp lv d jdph vshfli|lqj d vhw ri doorzhg
dfwlrqv iru hdfk sod|hu/ wkh doorfdwlrq uxoh/ dqg wkh sd|phqw uxoh1 Irupdoo|/
d phfkdqlvp lv d wxsoh > '	 c^c+ :/ zkhuh
 '     ?c zlwk  sod|hu *v vhw ri srvvleoh dfwlrqvc
^ ' E^cc^?/ zlwk ^ G  $ dfco iru doo / dqg
[

^E@   iru doo @ 5 
dqg
+ ' E+cc+?/ zlwk + G  $ ? iru doo 
Zh zloo uhihu wr ^ dv wkh doorfdwlrq uxoh ri >/ zlwk ^E@ wkh suredelolw|
wkdw sod|hu  jhwv wkh remhfw lq wkh fdvh @ 5  rffxuv1 Zh fdoo + wkh sd|phqw
uxoh ri >/ zkhuh +E@ ghqrwhv wkh prqhwdu| wudqvihu e| sod|hu  li @ 5  lv
fkrvhq1
Zh dvvxph wkdw sod|huv duh h{shfwhg xwlolw| pd{lpl}huv dqg kdyh d xwlolw|
ixqfwlrq wkdw lv dgglwlyho| vhsdudeoh lq prqh| dqg wkh remhfw1 Wkxv/ sod|hu
*v xwlolw| lv jlyhq e|
E@ ' ^E@  +E@
zkhq @ 5  lv fkrvhq1 Zh dvvxph wkdw sod|huv sod| dffruglqj wr d Ed|hvldq
Qdvk htxloleulxp ri wkh phfkdqlvp >1
D ihdvleoh phfkdqlvp  > lv d phfkdqlvp > lqfoxglqj vwudwhjlhv wkdw irup
d Ed|hvldq Qdvk htxloleulxp ri >1 Ohw @W
cc@W
? eh wkh Ed|hvldq Qdvk htxl0
;oleulxp ri >/ vr wkdw
@
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iru doo  dqg 1
Ohw 7`8E > ghqrwh vrfldo zhoiduh iru wkh ihdvleoh phfkdqlvp  >1 Vrfldo











D ihdvleoh phfkdqlvp  D lv vdlg wr eh d vrfldoo| rswlpdo phfkdqlvp li lw
pd{lpl}hv vrfldo zhoiduh ryhu doo ihdvleoh phfkdqlvpv1 Irupdoo|/ li  lv wkh
vhw ri doo ihdvleoh phfkdqlvpv/ wkdq  D 5  lv vrfldoo| rswlpdo li
7`8E D  7`8E >
iru doo  > 5 1
Ehiruh zh glvfxvv rxu pdlq uhvxow/ zh jlyh vhyhudo h{dpsohv ri vhwv  ri
srvvleoh dfwlrqv/ doorfdwlrq uxohv ^/ dqg sd|phqw uxohv R wkdw duh xvhg lq wkh
frqwhvw olwhudwxuh1 Xvxdoo| lq wkh wklv olwhudwxuh/  lv d vxevhw ri ?1 W|slfdo
vhwv  duh
 ' >
zkhq sod|hu  lv h{foxghg iurp wkh frqwhvw/
 ' dfc4
zkhq qr ixuwkhu uhvwulfwlrq lv sodfhg rq sod|hu *v srvvleoh dfwlrqv/
 ' dfcSo
<zkhq sod|hu  lv qrw doorzhg wr vxeplw d elg deryh d fds S/ dqg
 ' doc4
zkhq sod|hu  vkrxog phhw d fhuwdlq uhvhuyh sulfh o1
Lq wkh frqwhvw olwhudwxuh/ wkh ixqfwlrqv ^ duh uhihuuhg wr dv wkh frqwhvw
vxffhvv ixqfwlrqv1 W|slfdo h{dpsohv ri frqwhvw vxffhvv ixqfwlrqv duh wkh






zkhuh }cc}? duh vwulfwo| lqfuhdvlqj ixqfwlrqv1 Wxoorfn +4<;3, xvhv wklv frq0
whvw vxffhvv ixqfwlrq/ pdnlqj wkh vshfldo dvvxpswlrq wkdw }E@ ' E@k iru
doo  5  zlwk k : f1 Vndshugdv +4<<9, surylghv dq d{lrpdwlf xqghuslqqlqj
ri wklv vshfldo w|sh ri orjlw irup frqwhvw vxffhvv ixqfwlrqv/ dqg Ixoohuwrq dqg
PfDihh +4<<<, jlyh d ixuwkhu plfurhfrqrplf vxssruw1 Wkh glhuhqfh irup
frqwhvw vxffhvv ixqfwlrq lv rqo| ghqhg iru wkh fdvh ri wzr sod|huv1 Wkh
ixqfwlrq lv jlyhq e|
^E@c@2 ' Eq@  @2
^2E@c@2 '   Eq@  @2
zkhuh q lv dq delolw| sdudphwhu/ dqg  dq vwulfwo| lqfuhdvlqj ixqfwlrq/ zlwk
Ef ' 
2/ dqg E+ '   E+1 Vhh Edln +4<<;, iru d pruh h{whqvlyh
glvfxvvlrq rq glhuhqfh irup frqwhvw vxffhvv ixqfwlrqv1 Wkh shuihfwo| glv0
fulplqdwru| frqwhvw vxffhvv ixqfwlrq lv jlyhq e|
^E@ '
 
6 li @ ' 4@  @ zlwk 6 ' ri&m@& ' 4@  @j/
f rwkhuzlvh1
43Wklv lv wkh frqwhvw vxffhvv ixqfwlrq prvw frpprqo| xvhg lq wkh olwhudwxuh
+Ed|h hw do1/ 4<<9> Fkh dqg Jdoh/ 4<<;> Exorz dqg Nohpshuhu/ 4<<;,1
Vhyhudo sd|phqw uxohv duh vwxglhg lq wkh frqwhvw olwhudwxuh1 Iru lqvwdqfh/
lq wkh fdvh ri wkh doo0sd| dxfwlrq/
+E@ ' @/
lq wkh fdvh ri wkh zdu ri dwwulwlrq/
+E@ '

@ li @ 	 4@  @/
@& li @ ' 4@  @/ zlwk @& ' 4@ ' @/
dqg lq wkh fdvh ri wkh uvw0sulfh vhdohg0elg dxfwlrq/
+E@ '
 @
6 li @ ' 4@  @ zlwk 6 ' ri&m@& ' 4@  @j/
f rwkhuzlvh1
Ed|h hw do1 +4<<;, ghqh d sdudphwhul}hg fodvv ri frqwhvwv/ zklfk lqfoxghv
wkh deryh h{dpsohv dv vshfldo fdvhv1 Wkh| uhvwulfw wkhpvhoyhv wr wzr sod|huv1
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zkhuh @ lv wkh dfwlrq ri wkh rwkhu sod|hu/ zlwk / B/ l/ dqg # rqh0glphqvlrqdo
sdudphwhuv15
6 D vrfldoo| rswlpdo phfkdqlvp
E| wkh Uhyhodwlrq Sulqflsoh +P|huvrq/ 4<;4,/ zh pd| dvvxph/ zlwkrxw orvv
ri jhqhudolw|/ wkdw wkh vrfldo sodqqhu rqo| frqvlghuv ihdvleoh gluhfw uhyhodwlrq
5Wkh doo0sd| dxfwlrq kdv  @  @ 4/ dqg  @  @ 31 Iru wkh zdu ri dwwulwlrq/  @  @ 4/
dqg  @  @ 31 Lq wkh uvw0sulfh vhdohg0elg dxfwlrq/  @ 4/ dqg  @  @  @ 31
44phfkdqlvpv1 D ihdvleoh gluhfw uhyhodwlrq phfkdqlvp lv d ihdvleoh phfkdqlvp/
lq zklfk hdfk sod|hu lv dvnhg wr dqqrxqfh khu ydoxh/ lq zklfk vkh kdv dq
lqfhqwlyh wr sduwlflsdwh +lqglylgxdo udwlrqdolw|, dqg lq zklfk vkh kdv dq lq0
fhqwlyh wr dqqrxqfh khu ydoxh krqhvwo| +lqfhqwlyh frpsdwlelolw|,1
Ohw ERc% eh d ihdvleoh gluhfw uhyhodwlrq phfkdqlvp/ zlwk
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Zh lqwhusuhw RE dv wkh suredelolw| wkdw sod|hu  zlqv/ dqg %E dv wkh
h{shfwhg sd|phqwv e| / zkhq  lv dqqrxqfhg1
Ohw
'ERc  .3iREj
eh wkh frqglwlrqdo suredelolw| wkdw sod|hu  zlqv jlyhq khu ydoxh / dqg
LERc%c  'ERc  .3i%Ej
eh sod|hu *v lqwhulp xwlolw| iurp wkh ihdvleoh gluhfw uhyhodwlrq phfkdqlvp1
P|huvrq +4<;4, vkrzv wkdw lqglylgxdo udwlrqdolw| dqg lqfhqwlyh frpsdwlelolw|
duh htxlydohqw wr
li    wkhq 'ERc  'ERc/ ;/ / +5,
LERc%c ' LERc%c n
 ]

'ERc+_+/ ;/ / dqg +6,
LERc%c  f/ ;1 +7,







Wkh iroorzlqj uhvxow lv wkh nh| wr rxu pdlq qglqj1
Ohppd 4 Iru hdfk ihdvleoh gluhfw uhyhodwlrq phfkdqlvp ERc%/ 7`ERc% 
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Wkh uvw htxdolw| lq wkh deryh fkdlq iroorzv zlwk +6,/ dqg zh jhw wkh vhfrqg
htxdolw| xvlqj lqwhjudwlrq e| sduwv1 Wkh uvw lqhtxdolw| iroorzv iurp d wkh0
ruhp iurp Vwdwlvwlfv zklfk whoov wkdw wkh h{shfwdwlrq ri d surgxfw lv ohvv ru
46htxdo wkdq wkh surgxfw ri wkh h{shfwdwlrqv lq fdvh wkh uvw whup ri wkh surg0
xfw lv vwulfwo| ghfuhdvlqj lq wkh yduldeoh ryhu zklfk wkh h{shfwdwlrq lv wdnhq/
dqg wkh vhfrqg whup lv lqfuhdvlqj lq wklv yduldeoh +PfDihh dqg PfPloodq/
4<<5,1 Lq wklv fdvh/
38E
sE lv vwulfwo| ghfuhdvlqj lq  +e| dvvxpswlrq,/ dqg
' lv lqfuhdvlqj lq  +e| +5,,1 Wkh rwkhu pdqlsxodwlrqv duh vwudljkwiruzdug1
Qrz/ frqvlghu wkh ihdvleoh gluhfw uhyhodwlrq phfkdqlvp E Rc  % zlwk
 RE : f rqo| li .ij ' .T
4@ c; 5 /
 RE ' f li .ij 	 .T
4@ / ; 5 /
[
M
 RE ' / dqg
 %E ' f/ ; 5 1
Revhuyh wkdw E Rc  % lv d orwwhu| lq zklfk rqo| wkh sod|huv zlwk wkh kljkhvw
h{shfwhg ydoxh sduwlflsdwh1 Wkh h{shfwhg vrfldo zhoiduh dprqj wkh sod|huv lv
wkhq h{shfwhg ydoxh jhqhudwhg e| wkh orwwhu|/ vr wkdw
7`E Rc  % ' .T
4@ 1
Wkhq lw lpphgldwho| iroorzv iurp Ohppd 4 wkdw E Rc  % lv vrfldoo| rswlpdo/ dv
7`E Rc  %  7`ERc%
iru doo ihdvleoh gluhfw uhyhodwlrq phfkdqlvpv ERc%1
Sursrvlwlrq 5 E Rc  % lv vrfldoo| rswlpdo1
47Dq lqwxlwlrq ehklqg Sursrvlwlrq 5 lv wkh iroorzlqj1 Revhuyh lq wkh vhfrqg
htxdolw| lq wkh fkdlq +8, wkdw sod|hu / li zlqqlqj wkh remhfw/ dggv
38E
sE wr
vrfldo zhoiduh1 Dv/ e| dvvxpswlrq/
38
s lv d vwulfwo| ghfuhdvlqj ixqfwlrq/ wkh
vrfldo sodqqhu suhihuv d orz w|sh ri sod|hu  wr zlq pruh riwhq wkdq d kljk
w|sh1 Krzhyhu/ +5, uhtxluhv wkh suredelolw| iru sod|hu  wr zlq wkh remhfw wr
eh +zhdno|, lqfuhdvlqj lq 1 Khqfh/ wkh ehvw wkh vrfldo sodqqhu fdq gr lv
pdnh wkh suredelolw| wkdw d orz w|sh zlqv htxdo wr wkh suredelolw| wkdw d
kljk w|sh zlqv1 Kh fdq gr wklv rswlpdoo| xvlqj d orwwhu| dprqj wkh sod|huv
zlwk wkh kljkhvw h{shfwhg ydoxh iru wkh remhfw1
Wkh vrfldoo| rswlpdo phfkdqlvp fdq eh vwudljkwiruzdugo| lpsohphqwhg
lq d frqwhvw1 D frqwhvw lq zklfk rqo| wkh sod|huv zlwk wkh kljkhvw h{shfwhg
ydoxh fdq rewdlq wkh remhfw/ dqg lq zklfk qr sd|phqwv duh pdgh/ lv vrfldoo|
rswlpdo1 Xvxdoo| wklv fdq eh grqh e| rqo| doorzlqj wkrvh sod|huv wr sduwlf0
lsdwh zkr kdyh wkh kljkhvw h{shfwhg ydoxh iru wkh remhfw/ dqg e| doorzlqj
wkhvh sod|huv wr rqo| vxeplw d elg htxdo wr }hur1
7 Frqfoxglqj uhpdunv
Lq wklv sdshu/ zh kdyh lqyhvwljdwhg vrfldoo| rswlpdo phfkdqlvpv lq d vlwxd0
wlrq zlwk lqfrpsohwh lqirupdwlrq1 Zh kdyh vkrzq wkdw rswlpdoo|/ wkh vrfldo
sodqqhu vkrxog dozd|v dvvljq wkh remhfw wr rqh ri wkh sod|huv zlwk wkh kljkhvw
h{shfwhg ydoxh iru lw1 Lqwhuhvwlqjo|/ wkh vrfldo sodqqhu rqo| qhhgv yhu| olplwhg
lqirupdwlrq rq wkh ydoxh glvwulexwlrqv ri wkh sod|huv lq rughu wr eh deoh wr
lpsohphqw wkh vrfldoo| rswlpdo phfkdqlvp1 Kh rqo| qhhgv wr nqrz zklfk
sod|hu dwwdfkhv wkh kljkhvw h{ dqwh ydoxh wr wkh remhfw1
48Wkh dqdo|vlv zdv vlpsolhg e| wkh dvvxpswlrqv rq wkh glvwulexwlrq ixqf0
wlrqv +
38
s lv vwulfwo| lqfuhdvlqj iru hdfk sod|hu , dqg wkh ydoxhv +hdfk sod|hu*v
ydoxh iru wkh remhfw rqo| ghshqgv rq khu rzq vljqdo/ dqg qrw rq wkh vljqdov
ri wkh rwkhu sod|huv,1 Ixuwkhu uhvhdufk vkrxog eh ghyrwhg wr uhod{lqj wkhvh
dvvxpswlrqv1 D prgho zlwk lqwhughshqghqw ydoxhv zloo suredeo| ohdg wr wkh
vdph frqfoxvlrq1 Qdpho|/ lq wkh h{wuhph fdvh ri d frpprq ydoxhv prgho
+hdfk sod|hu dwwdfkhv wkh vdph ydoxh wr wkh remhfw,/ h!flhqf| lv ri qr frq0
fhuq wr wkh vrfldo sodqqhu/ vr wkdw lq whupv ri vrfldo zhoiduh/ wkhuh lv qr qhhg
iru wkh sod|huv wr vhsdudwh wkhpvhoyhv lq wkh frqwhvw1 Wkhuhiruh/ lq wklv fdvh/
d orwwhu| lv dozd|v rswlpdo/ hyhq zlwkrxw wkh dvvxpswlrq rq wkh glvwulexwlrq
ixqfwlrqv1 Lw vhhpv olnho| wkdw wkdw lq prghov lq ehwzhhq sxuh sulydwh ydo0
xhv dqg sxuh frpprq ydoxhv/ vxfk dv lqwhughshqghqw ydoxhv prghov/ d ohvv
vwurqj dvvxpswlrq rq wkh glvwulexwlrq ixqfwlrqv lv qhhghg wr frph wr wkh
vdph frqfoxvlrq1
Dovr wkh lqwhusuhwdwlrq ri rxu uhvxow qhhgv ixuwkhu lqyhvwljdwlrq1 Lq wkh
Lqwurgxfwlrq/ zh kdyh uhvwulfwhg rxu dwwhqwlrq wr frooxvlrq dprqj sod|huv
lq vhyhudo frqwhvw0olnh vlwxdwlrqv1 Krzhyhu/ rwkhu lqwhusuhwdwlrqv vhhp wr
eh srvvleoh dv zhoo1 Iru lqvwdqfh/ frqvlghu pdunhwv lq zklfk frpshwlwlrq
rqo| wdnhv sodfh wkurxjk dgyhuwlvlqj1 Lv vhhpv wr pdnh vhqvh wr dujxh wkdw
d vrfldo sodqqhu zkr dlpv dw pd{lpl}lqj wrwdo +frqvxphu soxv surgxfhu,
vxusoxv vkrxog eh phuho| frqfhuqhg derxw surgxfhu vxusoxv/ dv frqvxphu
vxusoxv lv {hg gxh wrwkh odfn ri sulfh frpshwlwlrq1 Wkhq rxu qglqjvxjjhvwv
wkdw rswlpdoo|/ qr frpshwlwlrq vkrxog wdnh sodfh dw doo lq vxfk pdunhwv/ vr
wkdw frqvxphuv zloo ghflgh zklfk surgxfwv wr ex| edvhg rq wkhlu rzq/ olplwhg
lqirupdwlrq1 Ixuwkhu uhvhdufk rq wklv pdwwhu lv qhhghg/ krzhyhu/ iru lqvwdqfh
49wr fkhfn li odfn ri sulfh frpshwlwlrq lv d vhqvleoh frqfhsw1
Dqrwkhu h{wuhph lqwhusuhwdwlrq ri rxu uhvxow/ zklfk qhhgv ixuwkhu lqyhv0
wljdwlrq dv zhoo/ lv wkdw srolwlfdo oree|lqj vkrxog eh surklelwhg/ dqg wkdw
jryhuqphqwv vkrxog edvh wkhlu srolwlfdo ghflvlrqv rq wkhlu rzq olplwhg lq0
irupdwlrq1 Zkhq zh iroorz Ed|h hw do1 +4<<6, lq ylhzlqj oree|lqj dv wkh
doo0sd| dxfwlrq/ wkhq rxu qglqj lpsolhv wkdw zkhq d jryhuqphqw lv lqwhuhvwhg
lq vrfldo zhoiduh dprqj wkh lqwhuhvw jurxsv +dv lw lv ehqhyrohqw/ ru vhhnv wr
eh uh0hohfwhg,/ lw vkrxog rswlpdoo| edq oree| frpsohwho|/ dqg doorz rqo| wkh
lqwhuhvw jurxsv zklfk lw h{shfwv wr kdyh wkh kljkhvw ydoxh iru wkh srolwlfdo
idyru wr zlq lw16
8 Uhihuhqfhv
Dpdqq/ H1/ dqg Ohlqlqjhu/ Z1 +4<<9,1 Dv|pphwulf Doo0Sd| Dxfwlrqv zlwk
Lqfrpsohwh Lqirupdwlrq= Wkh Wzr0Sod|hu Fdvh/ Jdphv Hfrq1 Ehkdy1 47/
404;1
Edln/ N10K1 +4<<;,1 Glhuhqfh0Irup Frqwhvw Vxffhvv Ixqfwlrqv dqg Hi0
iruw Ohyhov lq Frqwhvwv/ Hxurs1 M1 Srolw1 Hfrqrp| 47/ 9;80:341
Ed|h/ P1 U1/ Nryhqrfn G1/ dqg Gh Yulhv F1 J1 +4<<9,1 Wkh Doo0sd|
Dxfwlrq zlwk Frpsohwh Lqirupdwlrq/ Hfrq1 Wkhru| ;/ 5<406381
Ed|h/ P1 U1/ Nryhqrfn/ G1/ dqg Gh Yulhv/ F1 J1 +4<<;,1 D Jhqhudo
Olqhdu Prgho ri Frqwhvwv/ zrunlqj sdshu/ Lqgldqd Xqlyhuvlw|1
Exorz/ M1/ dqg Nohpshuhu/ S1 +4<<<,1 Wkh Jhqhudol}hg Zdu ri Dwwulwlrq/
Dphu1 Hfrq1 Uhy1 ;</ 4:804;<1
6Vhh dovr Pdwhmnd hw do1 +5335,1
4:Fkh/ \10N1/ dqg Jdoh/ L1 O1 +4<<;,1 Fdsv rq Srolwlfdo Oree|lqj/ Dphu1
Hfrq1 Uhy1 ;;/ 97609841
Ixoohuwrq/ U1 O1/ dqg PfDihh/ U1 S1 +4<<<,1 Dxfwlrqlqj Hqwu| lqwr Wrxu0
qdphqwv/ M1 Srolw1 Hfrqrp| 43:/ 8:609381
Jdylrxv/ D1/ Progrydqx/ E1/ dqg Vhod/ D1 +5334,1 Elg Frvwv dqg Hq0
grjhqrxv Elg Fdsv/ zrunlqj sdshu/ Xqlyhuvlw| ri Pdqqkhlp1
Kropvwuùp/ E1/ dqg P|huvrq/ U1 E1 +4<;6,1 H!flhqw dqg Gxudeoh Gh0
flvlrq Uxohv zlwk Lqfrpsohwh Lqirupdwlrq/ Hfrqrphwulfd 84/ 4:<<04;4<1
Kxfn/ V1/ Nrqudg/ N1 D1/ dqg Pÿoohu/ Z1 +5333,1 Phujhu dqg Frooxvlrq
lq Frqwhvwv/ zrunlqj sdshu/ Iuhh Xqlyhuvlw| ri Ehuolq1
Pdvnlq/ H1 V1 +5333,1 Dxfwlrqv/ Ghyhorsphqw/ dqg Sulydwl}dwlrq= H!0
flhqw Dxfwlrqv zlwk Oltxlglw|0Frqvwudlqhg Ex|huv/ Hxurs1 Hfrq1 Uhy1 77/
99:09;41
Pdwhmnd/ P1/ Rqghuvwdo/ V1/ dqg Gh Zdhjhqdhuh/ D1 +5335,1 Wkh Hhf0
wlyhqhvv ri Fdsv rq Srolwlfdo Oree|lqj/ zrunlqj sdshu/ Wloexuj Xqlyhuvlw|1
PfDihh/ U1 S1/ dqg PfPloodq/ M1 +4<<5,1 Elgglqj Ulqjv/ Dphu1 Hfrq1
Uhy1 ;5/ 8:<08<<1
Plojurp/ S1 U1/ dqg Zhehu/ U1 M1 +4<;5,1 D Wkhru| ri Dxfwlrqv dqg
Frpshwlwlyh Elgglqj/ Hfrqrphwulfd 83/ 43;<044551
P|huvrq/ U1 E1 +4<;4,1 Rswlpdo Dxfwlrq Ghvljq/ Pdwk1 Rshudwlrqv
Uhv1 9/ 8;0:61
Vfkpdohqvhh/ U1 +4<:9,1 DPrgho ri Surprwlrqdo Frpshwlwlrq lq Roljrsro|/
Uhy1 Hfrq1 Vwxg1 76/ 7<6083:1
Vndshugdv/ V1 +4<<9,1 Frqwhvw Vxffhvv Ixqfwlrqv/ Hfrq1 Wkhru| :/
5;605<31
4;Uloh|/ M1 J1/ dqg Vdpxhovrq/ Z1 I1 +4<;4,1 Rswlpdo Dxfwlrqv/ Dphu1
Hfrq1 Uhy1 :4/ 6;406<51
Wxoorfn/ J1 +4<;3,1 H!flhqw Uhqw Vhhnlqj/ lq Wrzdug d Wkhru| ri wkh
Uhqw Vhhnlqj Vrflhw| +M1 P1 Exfkdqdq/ U1 G1 Wroolvrq/ dqg J1 Wxoorfn/ hgv1,1
Froohjh Vwdwlrq= Wh{dv D)P Xqlyhuvlw| Suhvv1
Ylfnuh|/ Z1 +4<94,1 Frxqwhuvshfxodwlrq/ Dxfwlrqv/ dqg Frpshwlwlyh
Vhdohg Whqghuv/ M1 Ilqdqfh 49/ ;06:1
4<